2 2 2

a, = =
" m+D)n+2) n+l n+2

2 2 2 2 2
S, =|1-= |+ =—= _—
3) [3 4] £n+1 n+2j
i 2
n+2
S = lim (1— )
n—oo n+2

. D; i |an| = iln_n diverges by the Integral
n=1

n=1

. o] .
Test since L 2L gy = lim [(In x)z]{‘ =oco, SO
X k—>oo

- 1

Z -n" I does not converge absolutely.
n=1 n

But it converges by the Alternating Series
Test: [Use i(ln_xj = 1—12n % to show the

dx\ x X

u,, are decreasing for n 23.)

4. (a) Ratio test:

o (m+D2x 3" a2

fi—>00 n+3 n|2x+3|n

= lim w.|2x+3|
n—eo  (n+3)(n)

=[2x+3|

|2x+3/<1=-2<x<-1
The series converges absolutely on
(-2, -1).

(b) The series diverges at both endpoints by
the nth-Term Test:

lim M2+

and
n—oo n+2
_ n
lim 2CCEDEI”
n—oo n+2

Since the series converges absolutely on
(-2, —1) and diverges at both endpoints,
there are no values of x for which the
series converges conditionally.
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Chapter 10 Review Exercises (pp. 531-534)

n+l
L tim (] gy 2t
n—eo| d, n—eo (n+1)! |_x|”
= lim ﬂ
n—eon+1

The series converges absolutely for all x.
(@) o
(b) All real numbers

(¢) All real numbers

(d) None
x4 n
2 tim 1] - i 14 = n3
n—eo| d, n—seo (;/l.+.1)3”+ |x+4|”
|x + 4|
==
. |x + 4|

The series converges absolutely for 3
or—7<x<-1.

- D"
Check x =—7: Z converges.

n=l1

Check x = —1: diverges.

(@ 3

(b) [-7.-1)
(¢) (=7.-1)
d) Atx=-7

3. This is a geometric series, so it converges
absolutely when |r| <1 and diverges for all

other values of x. Since r = %(x —1), the

series converges absolutely when

§<x-1)

1 5
<l,or ——<x<—.
2 2

3
(a) E

15
® (53]
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15
o (-33)

(d) None
2n
. . |x-1 2n—1)!
hmm=hm| | @D
n—eo| d, n—eo (2n+1)! |x_1|2”_2
1]
= m —
n—e (2n+1)(2n)
=0
The series converges absolutely for all x.
(@) o
(b) All real numbers
(c¢) All real numbers
(d) None
3x—1 n+l 2
lim Aptl =1 | | > . n
n—eo| d, n—e (p+1) |3x_1|”

= |3x - 1|
The series converges absolutely for

|3x—1| <l,or0<x< % Furthermore, when
|3x—1| =1, we have |an| :L and ii
2
n n=1n
converges by the p-Test with p =2, so z a,
n=1
also converges absolutely at the endpoints.

1
(a) 5
2
(b) {0, 5}
2

(d) None

3n+3
lim |2 = fim %:M? The
o]y | oo () [Af

series converges absolutely for |x|3 <1, or
—1 < x < 1. The series diverges f0r|x| >1.

When |x| =1, the series diverges by the nth-

Term Test.

(a) 1

(b) =1, 1)
(© =11
(d) None

An+l
a

lim
n—eo

e 1t 2 2x+1"" @n12"
o 432" a2+
x|

2
The series converges absolutely for

|2x+1]
—<

1, or —§<x<l; the series
2 2

|2x+1]
=1

s

2x+1
diverges for % >1. When

the series diverges by the nth-Term Test.

(a 1

(d) None
tim %1 i A"
n—eo| d, n—soo (n+1)"+1 |x|n
= tim —
n—e (n+1) (n+1)"
= x| lim ! .
e (n+1)(1+%)
= M lim L
e nson+l

=0
The series converges absolutely for all x.
Another way to see that the series must
converge is to observe that for n >2x, we

n

n
n

1 n
have < (Ej , so the terms are

(eventually) bounded by the terms of a
convergent geometric series.A third way to
solve this exercise is to use the nth-Root Test
(see Exercises 73—74 in Section 10.5).
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(@) o
(b) All real numbers

(¢) All real numbers

(d) None
Nagar| T
r}gr:o a, _r}f:ow/n-‘r] |x|"_|x|

The series converges absolutely for |x| <1, or

-l<x<l.
Check x =—1:

< (-1 . .
Z converges by the Alternating Series
n=1 \/;
Test.
Check x = 1:

— 1 1
— diverges by the p-Test with p =—.
; Jn 2

(a 1

() [-1.D
(© 1D
d) Atx=-1

n+l n+l e
e

. |a )
11m| ”+1|= lim

el
n—eo| a, n—e (p+ l)e

n n
"
The series converges absolutely for e|x| <1,

1 1
or —— < x <—. Furthermore, when e|x| =1,
e e

1 - 1
we have |an| =— and Z— converges by
nt = né

the p-Test with p = e, so z a,, also converges

n=1
absolutely at the interval endpoints.

@ L
e

11.

12.

Chapter 10 Review 599

(d) None
lim D+l
n—oo an
' (}’l " 2) |x|2n+l 3n
= lim 0 2n-1
n—ee 3" (n+1)|x]
_
3

2
The series converges absolutely when % <1,

or VJ3<x< \/g; the series diverges when
> 3.
When |x| =/3, the series diverges by the nth-

Term Test.

@ V3
) (—/3,43)

© (—/3,43)

(d) None
2n+3
hm al’l+1 — |x_1| . 2n+1
n—eo| a, n—e 2n+3 |x _ 1|2”+1

= |x - 1|2 .
The series converges absolutely when

|x—1|2 <1, or 0<x<2.

o i, y2nt+l oo 1\R
Check x = 0: Z( Ve _ v D

=0 2n+1 oo 2n+l1
converges conditionally by the Alternating
Series Test.

s (D"
Check x=2: )
=0 “1 +
conditionally by the Alternating Series Test.

converges

(a 1
(b) [0, 2]
(©) (0,2)

(d) Atx=0andx=2
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2n+2 n+l
n+1!x on n+2)!x
13 tim |t 2 g @O 15. tim |t < g @2
n—eo| dy | n—ee 2 n !|x|2n noes| dp | o (4 1)!|x|n
2 = lim (n+2)|x
_ jim DX Tim (n+2)|]
n—eo 2 =oo (x#0)
0, x=0 .
= The series converges only at x = 0.
oo, x#0
The series converges only at x = 0. (a 0
@@ o (b) x=0only
(b) x=0only () x=0
() x=0 (d) None
(d) None w2
16. This is geometric series with r = , SO it
10x n+l
14. 1im [“2*L) = im i.ln_”:pod _
n—seo| @, n—se In(n+1) |10 x|n converges absolutely when <1, or
The series converges absolutely for |10x| <1, B<x<B 1t diverges for all other values
1 1 of x.
or ——<x<—.
10 10

Check x = z converges by the

105 () (—3.3)

Alternating Series Test.

Check x=i: ZL diverges by the Direct (o) (—\/5, NE) )
n=2 nn
Comparison Test, since L>l for n > 2 and (d) None
Inn n
zl diverges. 17. f(x)—m—l—x-i-x (=D X+
n:2n
1 1 4
evaluated at x=—. Sum = =—.
(@ — 4
10
18. f(x)=In(1+x)
1 1 2 3 n
b) |-——, — XX LA
(){1010) X- +(=1) —
2
11 evaluated at x =—.
© |- — 3
10 10 2 5
Sum=ln(1+—)=ln(—j.
3 3
(d) At x=——
19. f(x)=sinx
3 5 2n+1
=x_x_+x__...+(_1)n X 4+
31 5! 2n+1)!

evaluated at x = 7, Sum = sin 7= 0.
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20. f(x)=cosx

2n
=1_x_+x__...+(_1)n X +-
2 4 2n)!

T 7 1
evaluated at x =—. Sum =cos— =

2 n
21. f(x)=e* =1+x+x—‘+---+x—'+---,
. n.

evaluated at x = In 2. Sum =¢™? =2.

22. f(x)=tan ' x

3 5 2n+1
=x_x_+x__...+(_1)" o
35 2n+1

1 1 1 T .
evaluated at x=—. Sum=tan | — |=—. (Note that when n is replaced by n—1, the general term of
V3 [ﬁ ] 6

_ ax
tan~! x becomes (=1)""!
n—

2n-1

, which matches the general term given in the exercise.)

23. Replace x by 6x in the Maclaurin series for L given at the end of Section 10.2.
- X
1

=14 (6X) +(6X)% +- -+ (6X)" +--
1-6x

=14 6x+36x7 +-+(6x)" +---

24. Replace x by x> in the Maclaurin series for L given at the end of Section 10.2.
+Xx
1

1+x

S= 1=+ () e () 4
== a0 (D)

25. The Maclaurin series for a polynomial is the polynomial itself: 1— 222 +x°

2

=4x(l+x+x"+-+x"+--)

=4x+4x? +4x° 444" 4

27. Replace x by zx in the Maclaurin series for sin x given at the end of Section 10.2.
3! 5! Q2n+1)!
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28. Replace x by % in the Maclaurin series for sin x given at the end of Section 10.2.

3 5 2n+1

_sinﬁz— 2_x_@+@_m+(_l)n (273x) "
3 3 3! 5! 2n+1)!

2x 434X (—l)nﬂ(%)zwrl

3 81 3645 2n+1)!

R B (2nt
29, —xtsinx=—x+| x——+————+ 4 (=)' ——+...
3t 5 7! (2n+1)!
3 5 7 2n+1
:_x_+x__x_+...+(_1)”—x +
3t 51 7! 2n+1)!

X —Xx 2 n 2 n
30. &:l 1+x+x_+...+x_+... +l 1_x+x_+...+(_1)nx_+...
2 2 2! n! 2 2!

n!
2 4 2n
X X X
=l4+—+—+-+ +
21 41 (2n)!

31. Replace x by v/5x in the Maclaurin series for cos x given at the end of Section 10.2.

(V) (5)° (5]
cosv/5x =1- + —t (=) —
2! 4! 2n)!
2 n
=1_5_x+@_...+(_1)n@+...
2! 4! (2n)!

32. Replace x by % in the Maclaurin series for ¢* given at the end of Section 10.2.

n
(%)
2
+ + +...+ +"'
2 2l n!

rx X’ 1 (zx)"
=1+—+ o —| == 4.
2 8 n!\ 2

33. Replace x by —x? in the Maclaurin series for ¢* given at the end of Section 10.2, and multiply the resulting

series by x.
5 232 N
xe ™ 23{1+(—x2)+( X)) +~~~+( X)) S
2! n!
5 2n+l
=x_x3+%_...+(_1)"x +ee-

34. Replace x by 3x in the Maclaurin series for tan~! x given at the end of Section 10.2.
DM EIN » 302!

tan 1 3x=3x - 4 () 4
3 5 2n+1
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35. Replace x by —2x in the Maclaurin series for In(1+ x) given at the end of Section 10.2.

36.

37.

38.

_ 2 _ 3 _ n
1n(1_2x):_2x_ﬂ+ﬂ_...+(_1)"—1ﬂ+...
2 3 n
g2 @0
n

Use the Maclaurin series for In(1+ x) given at the end of Section 10.2.

xIn(1—x) = xIn[1+(-x)]

2 3 n
={_x_ﬂ+ﬂ_...+(_l)n—lﬂ+...
3 n

) x3 x4 n+l
R A AT S
2 3 n
f2)=6-07" =1
F@=6-n7 =l
oo Y 12
f@=26-07| =250 ==l
R I i
f1@)=66-07| =650 F==1
(n)
M=oy =, s0 22
x=2 n!
31 =1+(x=2)+(x =2 +(x =2+ (x=2)" -
—X
fED =0 —2x7 +5)| =2
FED=0x -0 =7
[~ =(6x-4)|,__, =-10, so %:—5
f(== 6|x=_1 =6, S0 GV

3!
M Cy=0forn>4.

X =2x2+5=247(x+1)=5x+1D% +(x+1)°
This is a finite series and the general term for n = 4 is 0.
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39.

40.

41.

42,

Chapter 10 Review

1 1
f(3)—;|x:3 =3

, - 1
FO==x"|m =5
” - 2 /3 1
=247 3=, 50 T—r=—
1@ =27 27 20 27
” 2 ff3_ 1
3)=—6x" _ =——,580 =——
1"®=-67 27 31 sl
n _ n —-n—1 _(_l)nn!
B3 =-D)"n!x e , SO
23 _ =
n! - 3n+l
1 11 1 2 n(x=3)"
—=———(x-3)+—(x-3 37+ + (-1 +-
=D - (x) R
f(m)=sinx|,_, =0
f'(ﬂ)=cosx|x:,,=—1
f(z)=—=sinx|,_, =0, so %:0
. fm 1
T)=- =1L —
f(m) cosx|x_” SO 3 5
0, ifk iseven
FO)=1-1, if k =2n+1, neven
I, ifk=2n+1, nodd
0 x = —(x— )+ (x= 71 = (=) 4 (x =) b () (x4
3! 5! 7! 2n+1)!
. . . . . =5 |
Diverges, because it is —5 times the harmonic series: Z —= —52 -
n=l n=1

Converges conditionally

Z |a | = Z is a divergent p-series ( p= j z 1 does not converge absolutely. Use the
n=1

Alternatlng Serles Test to check for conditional convergence.

(1) un=L>0

Jn
2) n+l>n=>n+l>Vn=

so the u,, are decreasing.

1 1
—<_’
Vn+1 \/;

3) lim u, = lim —=0.
G Jm =
- (-1)"

Therefore, Z

n=l1 \/;

converge.
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43.

44.

45.

Converges absolutely by the Direct
Comparison Test, since 0 < Inn < 1 for
3 2
n n
| .
n=1and 2—2 converges by the p-Test with
n=1N
p=2.
Converges absolutely by the Ratio Test, since
11m| n+1|_1 n+2 n!
n—>oo| a, n—)oo(l’l-i-l)' n+1
— 1im +2
n— (n+1)*
=0.
Converges conditionally

ZI I—Z

Comparison Test. [Let a, =

diverges by the Limit
ln(n +1)

and
In(n+1)

n

by =1
n

Z 1 diverges by the p-Test, and
n=1
c=lim &

n—e b,

lim
n—eo In(n+1)

= m ;
n—eo 1/ (n+1)
= lim (n+1)
n—eo
= oo_)
_ 1\
Therefore, D does not converge
oo In(n+1)
absolutely.

Use the Alternating Series Test to check for
conditional convergence:

1 u,= >0 Clear.

In(n+1)

2) n+l>n=In(n+1)>Inn
1 1

= <—,
In(n+1) Inn
so the u, are decreasing.

46.

47.

48.

49.

50.

51.

Chapter 10 Review 605

(3) lim u, = lim L=0.
n—oo n—eo Inn

Therefore, ZQ converges.
n=1
Converges absolutely by the Integral Test,
- 1 17
because j dx = lim [——}
2 x(Inx)? b—e| Inx],

L
n2

Converges absolutely by the Ratio Test,
n+l

because hm| ”+l|= | 3| .
n—e| d, | n—eo (n+1)! | 3|

. 3
= lim —
n—eon+1

=0.

Converges absolutely by the Direct

nan 1 n
Comparison Test, since p < (E) for
n

oo n

n=12and Z(%j is a convergent
n=1

geometric series. Alternately, we may use the

Ratio Test or the nth-Root Test (see Exercises

73 and 74 in Section 10.5).

Diverges by the nth-Term Test, since

2
. . +1 1
lim |a,|= lim T =z
n—eo n>e2p? +n-1 2

Converges absolutely by the Direct
Comparison Test, since

n(n+)(n+2)=n>+3n*+2n>n>

= Jn(n+1)(n+2) >\/n_3
1 1
- Jr(n+D)(n+2) ) n32’

and Z% converges by the p-Test.

n=171

Converges absolutely by the Limit
Comparison Test:

and b =i. Then

1
n\/n2—1 b

Let a, =
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. a
c= lim 2
n—se b,

. - 1 - 1
Since 0 < ¢ <eoo and 2—2 converges by the p-Test, Z— converges.
n=11 n=lmn® -1

n n
52. Diverges by the nth-Term Test, since lim (Lj = lim (1 +lj :l #0.

n—eo\ n+1 n—>oo n e

53. This is a telescoping series.

= 1 - 1 1
%(2n—3)(2n—l) _E(Z(Zn—?ﬂ - 2(2n—l)j
1 1 11

1T 02323 223-1) 6 10

I 1 1 1 1 1
S2 =l |4 =
6 10 10 14) 6 14

11 11 11
s3=|=—— |+ =—— |+| ———
(6 10] (10 14) [14 18)

11
6 18
1 1 11

e 22m+2)-1) 6 22n+3)

. 1
S=lim s, =—
n—soco

54. This is a telescoping series.

$ 2§22
o n(n+1) o n n+l

:—1+g
5
2
s,=—1+
" n+2
S =1lim s, =-1
n—eo
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55.

56.

57.

(a)

(b)

()]

(a)

(b)

()]

(d)

(b)

()]

Chapter 10 Review 607

Py(0) = f3)+ ' B)(x—3)+ (x=3)% + (x-3)°

=1+4(x=3)+3(x=3)> +2(x=3)°
f(32) = Py(3.2) =1.936

NE) M)
2! 3!

Since the Taylor series for f’ can be obtained by term-by-term differentiation of the Taylor Series for f,

the second order Taylor polynomial for f” atx=3is 4+6(x—3)+6(x— 3)2. Evaluated at x =2.7,
f7)=2.74.

It underestimates the values, since f”(3) = 6, which means the graph of fis concave up near x = 3.

)
3!

Since the constant term is f'(4), f (4) = 7. Since —2 = , 74 =-12.
Note that P,'(x) =—3+10(x—4)—6(x— 4)2 +24(x— 4)3. The second order polynomial for f”at x =4 is

given by the first three terms of this expression, namely —3+10(x—4)—6(x— 4)2. Evaluating at x =4.3,
f(4.3) = —-0.54.

The fourth order Taylor polynomial for g(x) at x =4 is
X

jx[7 —3(t—4)+5(t—4)> -2 —4) 1 dx = {7: Si—ade—ap Lo —4)4}
4 2 3 2 4

3 2.5 3 1 4
=7x-4)-=(x-dH"+=(x-4) ——(x—-4
(x—4) > (x—4) 3 (x—4) 5 (x—4)
No; one would need the entire Taylor series for f (x), and it would have to converge to f (x) at x = 3.

Use the Maclaurin series for sin x given at the end of Section 10.2.

3 5 2n+1
mn@:5{5_M+M_...+(_Dn&+..}

2 3! 5! Q2n+1)!
3 5 2n+1
:5_x_5i+x__...+(_1)” 5 x
2 48 768 Qn+!\ 2
The series converges for all real numbers, according to the Ratio Test:
2n+3 2n+1
o [ 5 [XT @nntf2
| @, | noe(2n+3)![2 5 |x
2
X
= S ]
n—e (2n+3)(2n+2)

=0
Note that the absolute value of f () (x) is bounded by in forallxand all n=1, 2, 3,---.
2

. N . 1
We may use the Remainder Estimation Theorem with M =5 and r = 3

21’l+1 5
(D) (n+D)!
To make this less than 0.1 requires n = 4. So, two terms (up through degree 4) are needed.

So if =2 < x < 2, the truncation error using P, is bounded by
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58. (a)

(b)

()]

59. (a)

(b)

()]

Substitute 2x for x in the Maclaurin series for IL given at the end of Section 10.2.
—Xx

1
1-2x
=14+2x+(2x)2 +(2x)° -+ Q20" 4+
=14 2x+4x7 +8x° +++(20)" +---

11 .. . .
[—E, Ej The series is geometric with » =2x, so it converges for |2x| <1. (You could also use the

Ratio Test, but you would need to verify divergence at the endpoints)

f (—ij = %, so one percent is approximately 0.0067. It takes 7 terms (up through degree 6). This can

oo n
be found by trial and error. Also, for x = —%, the series is the alternating series z (—lj . If you use
n=0
the Alternating Series Estimation Theorem, it shows that 8 terms (up through degree 7) are sufficient
8

since <0.0067.

It is also a geometric series, and you could use the remainder formula for a geometric series to determine
the number of terms needed. (See Example 2 in Section 10.3.)

; W ™
= 11m .

e (DL

Antl

a

lim
n—oo

|x| (n+1)"!
mtT

n—=e  (n+1n"

n
=hﬂnn[ﬁi1j

n—oo n

=[xle

. 1 . 1
The series converges for |x|e <1, or |x| < —, so the radius of convergence is —.
e e

By the Alternating Series Estimation Theorem the error is no more than the magnitude of the next term,
4 4
_1 .4__£:0.132.
3) 4!

which is =
243
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60. (a) f)=(x-2)"|,5=1
F@=—(x-27],5=-1

3= 2()6—2)_3 |x:3 =2, s0 % =1
F73) =62 | ;23 = 6. s0 @ L
(n) '
£ = so Loy
n:

F)=1-(x=3)+(x=3)> = (x=3) +-+(=1)"(x=3)" +---

(b) Integrate term by term.
x 1
In|x-2|=|, ——at
31-2

:I;(l_(t_3)+(f—3)2 —(t=3) + =) (1 =3)" +) dt

1 2, 1 3 1 4 n (1=3)""!
=|t—=(=-3)"+=(-3) ——=@-3)" + -+ (-]) —————— -
{ 2( ) 3( ) 4( ) (=D — 3

2 3 _ il

G o N C i AR Y AN
2 3 4 n+1
.. . | 1 1 n 1

(c) Evaluate at x = 3.5. This is the alternating series ——2—+3——---+(—1 ot By the
2.2 273 2" (n+1)

Alternating Series Estimation Theorem, since the size of the third term is — < 0.05, the first two terms
24
will suffice. The estimate for In (%j 1s 0.375.
61. (a) Substitute —2x2 for x in the Maclaurin series for ¢* given at the end of Section 10.2.

522 523 5.2\
+( 2x7) +( 2x7) +_”+( 2x7) .
2! 3! n!

2
2 =1+ (=2x2)

6 n_2n
=1—2x2+2x4—4%+---+(—1)" 2 x

+...
n!

(b) Use the Ratio Test:
n+l _2n+2
2" x n!

- Napa|
lim [~ = Jim

n—e| a, | n—oe (n+! " o2

The series converges for all real numbers, so the interval of convergence is (—oo, o).

(¢) The difference between f(x) and g(x) is the truncation error. Since the series is an alternating series, the

(2)c2 )4 28

error is bounded by the mangnitude of the fifth term: = = Since —0.6 < x <0.6, this term is

less than which is less than 0.02.

2(0.6)%
3
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62. (a) f(x)=x’ [Lj
I+x
=x2(1=x+x2 44 (=) +--)

=x2—x3+x4+~-+(—1)nxn+2+~-

2

oo

(b) No; at x =1, the series is z (=1)"" and the partial sums form the sequence
n=0
1,0,1,0, 1,0, ..., which has no limit.

63. (a) Substituting t% for x in the Maclaurin series for sin x given at the end of Section 10.2,

., 50 4n+2
sint” =t ——+——-+ (="

31 51 Q2n+D!
Integrating term-by-term and observing that the constant term is 0,

7 11 4n+3
X X X

jxsin Pdr= - v ey — 4
0 373N 11(5YH (4n+3)2n+1)!

(b) J.lsinxzdx:l—L+;—-~+(—l)";+m.
0 373 11(5)) (4n+3)(2n+1)!

! = 1 < 0.001, it suffices to use the first two nonzero terms (through
11(5") 1320

Since the third term is

degree 7).

(¢) NINT(sinx2, x, 0, 1) = 0.31026830

1 1 1 1 258,019
@ -t =
3 73 118! 15(7!) 831,600
=~0.31026816

This is within 1.5%10~ of the answer in ©).

64. (a) Let f(x)=x>e*dx.
J‘lxzex dx = J-lf(x) dx
0 ~Jo

h
=L O+2f(05)+ 7 (1)]

1 03
=—|0+2—+e
4 4
& e
=—d4—
8 4
= (.88566
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3 4 s
jépdm{iﬁ_ﬂ_}

3410
0
_4t
60
~0.68333

(c) Since fis concave up, the trapezoids used to estimate the area lie above the curve, and the estimate is too
large.

(d) Since all the derivatives are positive (and x > 0), the remainder, R, (x), must be positive. This means that
P,(x) is smaller than f(x).

(e) Letu=x> dv =e"dx
du=2xdx v=e"
Ixzexdx = x2e* —IZx e’ dx
Letu =2x dv=e"dx
du =2 dx v=e"

x2e* —_[erx dx = x*e" —[2xex —IZex dx}
= 32" —2xe* +2e5 +C
=(x* -2x+2)e"+C

1 1

I x%e* dx = (x2 —2x+2)ex}

0 0
=e—-2=0.71828

65. (a) Because [$1000(1.08)""*1(1.08)" =$1000 will be available after n years.

(b) Assume that the first payment goes to the charity at the end of the first year.
1000(1.08) ! +1000(1.08) 2 +1000(1.08) > + - -

1000
(c) This is a geometric series with sum equal to % = % =12,500. This means that $12,500 should
1-(-L .
1.08

be invested today in order to completely fund the perpetuity forever.
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66. We again assume that the first payment occurs at the end of the year.

Present value = 1000(1.06) ! +1000(1.06) % + 1000(1.06) > + ---

1000
1.06

1=(156)
1000

T1.06-1
~16,666.67

The present value is $16,666.67.

Sequence Payoff Term
67. (a) 4 Y Probability of
of Tosses  ($) Series

T 0
6
2 2
2
HHT 2 (

HHHT 3 4 4
1 1
il 3| =
SIRE
1 1 2 1 3 1 4 1 n+l
Expected payoff =0| — |+1| = | +2| = | +3| = | +--+n| = +---
2 2 2 2 2

(b) ! 2=i(l+x+x2+x3+~~~+xn+~~~)
(1-x)* dx
n—1

=14+ 2x+3x% A

2

(o) 2=x2(1+2x+3x2+-~+nxn_l+-~)
(I-x)
=2 420 3t e
d If x= %, the formula in part (c) matches the nonzero terms of the series in part (a). Since

(3

5= 1, the expected payoff is $1.
(L
-(3)]
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ﬁs}sz\@

68. (a) The area of an equilateral triangle whose sides have length s is %(s)[— 2

5 . The sequence of

areas removed from the original triangle is

P 5 ] (2] B
4

4 2) 4 4) 4 on

b’\3 33 33 3'p2\3
+ + b,
4 42 43 4n+1
2 3
(b) This is a geometric series with initial term a = and common ratio r = Z, so the sum is
p*\3
ﬁ =b%4/3, which is the same as the area of the original triangle.
T4

(¢) No. For example, let b =% and set the base of the original triangle along the x-axis from (0, 0) to (1, 0).

The points removed from the base are all of the form (in, 0), so points of the form (x, 0) with x
2

irrational (among others) still remain. The same sort of thing happens along the other two sides of the
original triangle, and, in fact, along the sides of any of the smaller remaining triangles. While there are
infinitely many points remaining throughout the original triangle, they paradoxically take up zero area.

69. %=1+x+x2+x3+~-+x”+---
—X
Differentiate both sides.
! 2=1+2x+3x2+4x3+5x4+~-+nxn_l+~--
(1-x)

Substitute x :% to get the desired result.

70. (a) Note that z s a geometric series with first term a = x?

n=l1

and common ratio r = x, which explains

= 2
the identity Y x"*! = lx— (for [x| <1).
—X

n=1
Differentiate.
& n (1=0)(2x) - (x3)(=1)
> (n+Dx" = 5
ol (1-x)
_ 2x— x2
(1-x)?

Differentiate again,

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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(b)

71. (a)

(b)

oo

Z n(n+ l))c"_1

n=l
_a- 0)2(2=2x) = (2x— x>)[2(1=-x)(=1)]
(1-x)*
_(- x)2(2=2x) +2(1-x)(2x — x%)
(1-x*
_ (1=X)[(1-x)(2-2x)+2(2x - )]
(1-x*
_ 2
(1-x)°
Multiply by x.
nd 2x
(n+Dx" =
nZ::l nn X (1 B x)3
Replace x by l
X
v 2 2
Zn(n-i—l): P 2x 3,|x|>1

o X" 1y ) x—1
n=1 (1 x) (x=D
Use a grapher to solve the equation
_ 22
(x=1°
The grapher calculates that x = 2.769 is

the solution of the equation that is greater
than 1.

Computing the coefficients,

1
f(l)_E
F@==(x+D7, s0 f'(h)= _%
() = 3 ff) 1
fI(x)=2(x+1) TR
") = — 4 ST 1
T (x)=-6(x+1) 550—3! T

In general, £ (x) = (=) n!(x+ )",

(n) n
R AORN GV
n! 2n+1

S Sk ARG (=D

2 4 8 T

Ratio test for absolute convergence:
1
. |)c—1|nJr o+l |x—l|
lim . =

2n+2 |x_ 1|n 2

n—oo

72.

(0

(a)

(b)

-1

T<1:>—1<x<3. The series

converges absolutely on (-1, 3).

At x =—1, the series is z l,
n=0 2
which diverges by the nth-term test.

L e 1
At x =3, the series is z =n" 5
n=0
which diverges by the nth-term test.

The interval of convergence is (-1, 3).

1 x=1 (x=-D* (x-1°
Py(x)=—~— -
W=y 16
P,(0.5)

1_05-1 (05 -* (05-1°

2 4 8 16
=0.6640625

Ratio test for absolute convergence:
(Dt on
lim .

N—>00 2n+1

n

|
X
i 1 1
n—e N

_K

2
[+
EY <l=>-2<x<2
The series converges absolutely on
(=2,2).
The series diverges at both endpoints by
the nth-term test, since
lim n#0and lim (-1)"n#0.
n—yoo n—yoo
The interval of convergence is (-2, 2).

The series converges at —1 and forms an

alternating series:

_l+g_§+i+...(_1)” i+..._ The
2 4 8 16 on

nth-term of this series decreases in
absolute value to 0, so the truncation error
after 9 terms is less than the absolute

value of the 10™ term. Thus,

error < & <0.01.
210

73. (a) A(x)=-1+2x
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(b) P2(x)=—l+2x—%x2
2,2 3

3
¢c) BB(x)=—14+2x——x"+—x
(© A > 3

d) P(0.7)=—-1+2(0.7) —%(0.7)2 +§(0.7)3
~—0.1063
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